By using stochastic ensembles of walkers in physical and in one-body Hilbert spaces the recently proposed time-dependent quantum Monte Carlo (TDQMC) method offers the unique capability to calculate one-body density matrices at fully correlated level, without referencing the many-body quantum state. Here TDQMC is applied to study entanglement of simple systems such as Moshinsky atom (oscillator potentials) and atoms with Coulomb potentials in one spatial dimension. Our findings indicate that the dynamic entanglement of atoms exposed to powerful ultrashort laser pulse can be easily manipulated by introducing an appropriate phase modulation where the negative chirp enhances the entanglement while the positive one suppresses it. These findings can be used to explore the correlation properties of different constituents of complex quantum systems subjected to appropriately shaped laser radiation.
Introduction
Entanglement is a fundamental concept of atomic physics which plays an important role in quantum mechanics of systems involving more than one particle. In such systems entanglement implies inseparability of the various degrees of freedom which is also responsible for the phenomenon of quantum non-locality. Besides its important role in quantum information which is based essentially on manipulation of entangled states [1] , entanglement can also be considered as a basic ingredient for description of the structural properties of composite quantum systems [2] , for e.g. quantifying the correlations between the different species in the system. Although quantum entanglement is most often considered in spin systems where it can be treated by relatively simple means, there is a growing interest to the position space (spatial) entanglement which occurs in systems with more than one degree of freedom. In particular, the correlations induced by different interactions may lead to spatial entanglement which manifests as an inseparability of the many-body wave function and it is expected to be important for exploring basic properties of the ground states of atoms and molecules and also their evolution in space and time. Previous investigations of quantum entanglement in atomic systems include two-electron model atoms, helium atoms and ions, and molecules [3] - [7] . The use of precise Kinoshita-type wave functions for the ground state and some excited states of helium [4] and using other configuration interaction variational methods [8] has allowed to determine the linear and von Neumann entanglement entropies for these relatively simple systems. The study of spatial entanglement may also help to clarify the intimate mechanisms behind the quantum-to-classical transition [9] .
In order to address the computational difficulties related to the exponential scaling of the quantum many-body problems various approximation have been employed to treat the quantum entanglement in atomic systems which include density functional theory (DFT) [10] and density matrix renormalization group (DMRG) [11, 12] . These methods, however, consider in most cases the ground state properties of the system under consideration. Besides the entanglement of ground state and low-energy eigenstates, entanglement evolution has been investigated in lowdimensional scattering [13] and for dissociating diatomic molecules [14] . The rapid progress in laser technologies in recent years has provided sources which are capable of delivering highly coherent optical pulses with few-femtosecond duration in visible and sub-femtosecond duration in x-ray domains [15, 16] . It is therefore of significant interest to investigate the possibilities to control the dynamics of quantum entanglement in atoms and molecules subjected to such ultrashort electromagnetic pulses where non-perturbative superposition of the ground state and highly excited states can be readily produced and manipulated by different strong-field coherent control techniques [17, 18] . In the present paper we focus on the time evolution of quantum entanglement of strongly correlated systems such as one-dimensional atoms exposed to strong ultra-short optical pulses. We use a fully correlated ab-initio treatment based on the recently proposed timedependent quantum Monte Carlo (TDQMC) method which replaces the many-body wave function by a set of entangled one-body wave functions propagating in an effective potential which involves explicitly the spatial quantum non-locality [19] . The method employs particlewave dichotomy based on generic Hamiltonians instead of mapping the interacting many-body system onto a non-interacting one as done in DFT, and it is easily upgraded to higher spatial dimensions (unlike in DMRG), while scaling almost linearly with the number of particles [20, 21] . The paper is structured as follows: the theoretical model to study many-body quantum systems and their interactions is presented in Sec. 2 and in the Appendix; in Sec. 3 we first benchmark the TDQMC predictions for atoms of up to ten spinless electrons against the wellknown Moshinsky atom and for atoms with long-range (Coulomb) interactions where exact analytical and/or numerical solutions are available, and then discuss the results for the time evolution of the linear entropy as an entanglement measure for these atoms in an external field; finally in Sec. 4 we present the conclusions.
Theoretical model

Preliminaries
Here we employ the time dependent quantum Monte Carlo as a stochastic method to circumvent the exponentially large Hilbert space of the many-body quantum problem by introducing particle-wave dichotomy through statistical ensemble of Monte Carlo (MC) walkers in physical space and a concurrent ensemble of walkers in one-body Hilbert space (guide waves), for each quantum particle (for details see the Appendix, and [19] [20] [21] 
where
is the effective potential experienced by ( , ) k i i t ϕ r due to the MC walkers which belong to the rest of the particles in the system, which is given by a MC convolution:
where (see Eqs.(A.7)-(A.8)):
is a kernel function which determines the degree of spatial non-locality quantified by the characteristic non-local length ( ) ( )
and it is given by a drift-diffusion process for the ground-state preparation (imaginary-time
where:
is the drift velocity and ( ) τ η is Markovian stochastic process whose amplitude tends to zero toward steady state [21] . In fact, it is seen from Eq. (6) and Eq.(4) that the drift velocities for imaginary time and for real time propagation are described by similar expressions except that for the former the drift velocity depends on the gradient of the real field while for the latter it depends on the gradient of the phase of a complex field.
Thus, the set of TDQMC equations (1)- (6) 
In TDQMC j α is considered to be a variational parameter which is determined by minimizing the ground state energy of the system and which may depend inversely on the average distance between the walkers for the different particles [20] . Note that for two and three dimensions,
should be related to the variance-covariance matrix of the Monte Carlo sample. It is important to stress also that since the TDQMC equations are optimizing between the ultracorrelated [21] and the un-correlated (Hartree) cases, which are available analytically and describe unitary evolution, the real-time TDQMC dynamics is also expected to be unitary, which is essential for building correct density matrices as shown below.
Density matrices and entanglement measures
As we have seen there are two concurrent statistical ensembles to describe each physical particle in TDQMC: an ensemble of walkers in physical space and a concurrent ensemble of guide waves in the one-body Hilbert space where in the mean-field approximation all walkers are guided by the same guide wave and that particle is therefore in a pure state. In the general case, however, each guide wave for a given particle experiences different effective interaction potential
(1) which results in a mixture of guide waves for that particle. That mixture can be used next to efficiently build one-body density matrix considered as variance-covariance matrix for the random variables ( )
in the one-body Hilbert space. Most importantly, this can be done directly from the TDQMC output without the need to calculate the density matrix of the whole system and next reduce it to one-body density matrix by e.g. multi-dimensional integration that would be much more computationally demanding. In our case, the time dependent one-body density matrix for the i-th particle can be easily calculated from [24] :
Once calculated, the one-body density matrix of Eq. (8) can be further used to quantify coherence and entanglement properties for parts of a complex quantum system without referencing to the many-body quantum state, as we shall see in Part 3 below.
In order to calculate the spatial entanglement for the ground state and for real time dynamics here we use the linear entropy obtained from the one-body density matrix, Eq. (8), which in fact quantifies the mixedness of the reduced density matrix:
Another measure for the entanglement and correlation is provided by inverse purity function [25] :
Quantum -semi-classical -classical transition
It is clear from Eqs. (1)- (6) that under certain conditions the set of TDQMC trajectories may exhibit semi-classical and even classical behavior. For example, whenever the distributions 2 ( , )
remain strongly localized around some mean trajectory:
during the whole time evolution of the system, we arrive at the semi-classical limit of TDQMC where all guide waves experience the same mean field potential due to that trajectory [26] :
which corresponds to uncorrelated guide waves by setting . As a result, the ensemble of walkers for each particle collapses to a single walker thus transforming the set of quantum particles to a set of classical particles with the only force between them being due to the classical potential ( )
Classical approaches have been used previously in the context of atomic ionization in strong laser fields where a set of Newton's equations for micro-canonical ensembles of classical Monte Carlo walkers for each electron replace the exact quantum dynamics [27] . Needless to say that the classical calculations cannot provide information needed to explore entanglement and coherence in quantum systems. Other approaches used in microelectronics [28] involve non-Hermitian
Hamiltonians which, however, violates the unitarity for real-time dynamics and leads to degradation of both wave functions and density matrices. Also, in order to provide exact quantum trajectories those methods require preliminary guessing of the true many-body wave function, thus facing the exponential scaling of the many-body Schrodinger equation.
Results and discussion
First, we benchmark the TDQMC predictions against the results from known models which allow exact analytical and/or exact numerical solutions.
Moshinsky atom
The Moshinsky atom consists of N spinless particles harmonically attracted to a nucleus and interacting with each other through a harmonic potential. It is an example of an exactly soluble model which has been widely used to benchmark different approximate many-body approaches such as the quality of Hartree-Fock approximation [29] , for exploring low-order density matrices of atomic systems [30] and for investigating entanglement [31, 32] . For unit strength of the nuclear attraction the Hamiltonian reads (in one dimension, atomic units):
where the parameter κ determines the strength of mutual interaction and the minus/plus sign corresponds to mutual repulsion/attraction, respectively. The exact ground state density matrix is obtained to be [33] :
9 and the exact linear entropy can be calculated from:
,
which is to be compared with the numerically determined linear entropy:
and, from Eq. (8) we have:
where ( , )
is obtained from the TDQMC equations:
where the effective interaction potential is given by:
We start with the calculation of the TDQMC ground state of the atom through minimizing the total energy σ and the optimal value of α on the number of particles. It is seen that both curves decrease monotonically with increasing the number of particles while at the same time the linear entanglement entropy (Fig.1(e) ) and the ground state energy (Fig.1(f) ) increase.
This behavior can be attributed to the attractive force between the particles where the TDQMC results match very well the exact predictions.
Once the ground state is established we next use the guide waves of ( , )
x t ϕ to numerically calculate the one-body density matrix of Eq. (22), and then follow its real-time evolution. Figure 2 shows with black lines the eigenvalue spectra of the one-body density matrix for the ground state of a Moshinsky atom with N=2, 3, and 10 particles, for the same value of the interaction strength κ =0.2, to be compared with the exact spectra, from Eq.(15), (red lines). It is seen that the calculated and the exact spectra (occupation numbers) are close down to 16 orders of magnitude and these match almost perfectly down to 6 orders of magnitude. We found that for N=10 particles the leading occupation number for the ground state equals 0.993 for both the exact and TDQMC calculations. Thus, the results from Fig.1 and Fig.2 indicate that despite the large number of guide waves (typically ~10 000) the TDQMC one-body density matrices reproduce remarkably well the exact results.
Since the Moshinsky atom has been treated analytically from time-independent perspective only, we test the real time evolution provided by TDQMC by comparing it to the exact numerical solution of the time-dependent Schrodinger equation, for up to four harmonically interacting particles in a parabolic potential. We calculate the linear entropy for free diffraction (scattering) after the nuclear potential is suddenly switched off after the ground state is established at t=0. Figure 3 shows the linear entropy as function of time for κ =-0.2 (repulsive potential) for N=2, 3, and 4, where it is seen that the TDQMC results (blue lines) match well the exact ones (red lines) for the whole time evolution.
Atoms in external field
In order to further compare the TDQMC results with the numerically exact solution of the many-body Schrödinger equation with long-range potentials here we use one-dimensional model of N-electron atom [34] :
Then, the TDQMC equations read:
i=1,2,…,N; k=1,…,M, and the effective electron-electron potential is given by:
The calculation of the ground state of atoms with different N proceeds as before by minimizing the total energy 
Because of the exponential scaling of Eq. (26) with the number of particles, here we were able to find numerically exact ground state for up to four spinless electrons. Figure 4 σ decreases, as seen from Fig.4(d) . The TDQMC predictions for the linear entropy and for the energy in Fig.4 (e)-(f) are again very close to the exact results. Figure 5 presents the most essential results of this work, namely the possibility to control the entanglement entropy by using appropriately modulated electromagnetic pulses. To achieve this we expose the one-dimensional atom to a few cycle laser pulse with carrier frequency 0.092 a.u. and peak intensity 0.12 a.u. Fig.5 which means that using appropriately shaped laser pulses it might be possible to manipulate the correlations between the electrons. In this calculation, as in the other calculations reported in the present work, the spatial grid spans typically 50 a.u. and a total of ~10 000 walkers and guide waves take part in the TDQMC calculation.
Conclusions
In this work we have studied the spatial entanglement of interacting particles with oscillator The main achievement of the present study is the prediction that the spatial entanglement in atoms can be governed efficiently by applying short electromagnetic pulses with appropriate phase modulation as the negative chirp enhances the entanglement entropy while the positive one suppresses it. The latter can be explained by the excitation of complex superposition of the ground state and excited states where the atomic coherences are determined by the phases of these states. Such a strong-field coherent control may be used to manipulate the correlations between the different species in complex quantum systems such as molecules and clusters for e.g. creation and annihilation of quantum bonds. Clearly, our results are equally applicable to other many-body systems such as Bose-Einstein condensates.
In TDQMC we address the computational problems due to the exponentially increasing Hilbert space of quantum mechanics by using stochastic ensembles of MC walkers in physical and in one-body Hilbert spaces without referencing directly the many-body quantum states. As a result, each walker is guided by its own guide wave and we have not invoked explicitly the symmetry of the guide waves with respect to exchange of the walker's coordinates for indistinguishable particles. At the same time our approach allows us to accurately calculate one body density matrices and pair distributions, which are in fact the main practically important quantities. Unlike in other methods TDQMC uses unitary propagation of the guide waves where the key physical parameter is the non-local quantum correlation length which quantifies the degree of spatial non-locality and is closely related to the quantum uncertainty thus opening new perspectives for studying the relation between the entanglement and uncertainty.
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Appendix
In this appendix we consider the motion of the guide waves, the MC walkers, and the general TDQMC algorithm. For a non-relativistic system of N quantum particles we start with the manybody Schrödinger equation:
is the many-body quantum Hamiltonian, and In order to elucidate further the particle-wave dichotomy in TDQMC here we consider the ground state preparation of a quantum system by searching for a random walk to produce the distribution: 
is the drift velocity, and:
is the local energy. Hence, the Langevin equation which corresponds to Eq.(A15) reads [23] : for the drift velocity, which determines the drift-diffusion process: .20) and for the local energy: However, the TDQMC algorithm was found to give good results also in case of no branching where the drift term in Eq.(A.18) should be neglected, which could serve as a good starting point for the ground state variational optimization. An additional benefit of using TDQMC is that no multi-parametric Slater-Jastrow wave functions are involved, unlike in DMC or in variational Monte Carlo calculations [23] . 
